In this article we introduce a new method for constructing implicit symplectic maps using special symplectic manifolds and Liouvillian forms. This method extends, in a natural way, the method of generating functions to 1-forms which are globally defined on the symplectic manifold. The maps constructed by this method, are related to the symplectic Cayley's transformation and belong to a continuous space of dimension n(2n+1). Applying the implicit map to the discrete Hamilton equations we obtain the generalized symplectic Euler scheme. We show the relations of the elements of this family with other discrete symplectic mapping, in particular 1) with the mappings obtained by generating functions of type I, II, and III and IV; 2) with the symplectic Euler methods A and B; and 3) with the mid-point rule. Moreover, we show the corresponding symplectic diffeomorphisms and their Liouvillian forms on the product symplectic manifold. We illustrate the details of the method in constructing two different families of implicit symplectic maps for n = 1. This is a geometrical method which overcomes the difficulties of the HamiltonJacobi theory and generating functions.
Introduction
Symplectic maps can be constructed by using generating functions, and they were introduced by Poincaré when looking for periodic orbits of second genus [10] . From the numerical point of view, symplectic maps are used for simulating Hamiltonian dynamics, based on the fact that the Hamiltonian flow is a one parameter subgroup of symplectic diffeomorphisms. In the classical construction of symplectic maps, the use of Darboux's coordinates in different stages of the procedure hides several interesting properties, which arise with the discretization in time of Hamiltonian flows. Other properties do not appear in the continuous case due to a classical procedure of reduction from symplectic to contact geometry, which takes the Hamiltonian vector field into the Reeb field on the reduced manifold [8, 7] .
In this paper, we address the problem of constructing implicit symplectic maps with a different approach. Instead of using Hamilton-Jacobi theory to obtain a generating function, we take advantage of the geometrical properties of both the Hamiltonian flow and the product symplectic manifold. However, we avoid the use of Darboux's theorem and the classical evolutive HamiltonJacobi equation. The reason is that the coordinates of the original problem are locally conjugated to the canonical coordinates by a symplectomorphism which is hidden by Darboux's theorem. In consequence, the classical construction integrates a modified problem in normal form using action-angle coordinates. Instead of Darboux's theorem we use special symplectic manifolds [14, 13, 12] and their Liouvillian forms in order to track the state of the original coordinates at every stage of the procedure.
This approach differs from the standard procedure of generating functions in two ways. First, we consider Lagrangian submanifolds as the integral submanifolds of a prescribed Liouvillian form θ [8, 7] , i.e. submanifolds defined by the differential ideal I generated by θ [2] . Second, we use the complex structure on the product manifold to obtain the equations of the tangent space to the Lagrangian submanifold defined implicitly by the Liouvillian form. The advantage in the symplectic case is that the vertical bundle corresponds to the characteristic bundle to the Lagrangian submanifold. In our method, the Liouvillian form substitutes the generating function and the multiplication with the complex structure on the product manifold substitutes the role of the resolution of the Hamilton-Jacobi equation. An additional projection of the Lagrangian submanifold offers the possibility to construct symplectic maps by a simple transversality condition. For the linear case, this condition is weakened by the classical condition stating that the symplectic map must converge to the identity map on the diagonal of the product manifold. All this procedure is constructed on the framework of special symplectic manifolds.
The latter condition is translated into a condition relating two different Liouvillian forms on the original symplectic manifold. Surprisingly, using this relation, the framework of special symplectic manifolds is no more necessary. In this way, we can construct symplectic maps just using Liouvillian forms, leading to the method of Liouvillian forms. This procedure reveals some remarkable properties and gives a different perspective on Liouvillian forms and generating functions. We give an interpretation of this method as a discrete version of the Cayley's transformation of a Hamiltonian matrix, leading naturally to a symplectic map. Finally, we construct a numerical scheme, which is the natural generalization of the Euler symplectic schemes.
We summarize the rest of the paper. In Section 2 we give the main definitions and classical results on symplectic manifolds and the product manifold that are necessary for our exposition. Special symplectic manifolds and Liouvillian forms are exposed in Section 3. In this section we introduce the generating functions of type I, II, III and IV and their related Liouvillian forms expressed as elements of some special symplectic manifolds. We return systematically to these examples in the rest of the paper. In Section 4 we expose the way we can construct symplectic maps using Liouvillian forms. Section 5 gives the structure of Liouvillian forms on the symplectic manifold and the product symplectic manifold. In Section 6 we construct the implicit map. Section 7 describes all four steps of the method of Liouvillian forms and we state our main result. In addition, we relate these maps to the symplectic Cayley's transformation. In Section 8 we apply the implicit maps to Hamiltonian dynamics and we introduce the generalized implicit symplectic Euler scheme. We show that the mid-point rule, and the symplectic Euler A and B maps are particular cases of our scheme. Finally, in Section 9 we develop two examples of continuous families of implicit symplectic integrators: the first one using special symplectic manifolds and the second one applying the generalized symplectic Euler scheme.
Symplectic manifolds and symplectic mappings
In this section we recall some classical results and definitions in order to uniformize the notation. The results are stated in a geometrical fashion in preparation of the next section where we will set the framework of the method of Liouvillian forms. We assume the reader is familiar with the terminology of differential geometry and vector bundles. For an introduction the reader is referred to [1, 8, 9] .
A symplectic manifold is a 2n-dimensional manifold M equipped with a non-degenerated, skew-symmetric, closed 2-form ω, such that at every point m ∈ M , the tangent space T m M has the structure of a symplectic vector space. In addition, we say that (M, ω) is an exact symplectic manifold if there exists a 1-form θ such that ω = dθ; θ is called a Liouvillian form. In what follows, all the symplectic manifolds will be exact.
An almost complex stucture J on a manifold M is a smooth tangent bundle isomorphism J : T M → T M covering the identity map on M such that for each point z ∈ M , the map Jz = J(z) : T z M → T z M is a complex structure on the vector space T z M , it means an endomorphism on
We write J 2 = −I for simplicity. A symplectic manifold with an almost complex structure possesses a Riemannian structure g which enables the definition of a symmetric positive definite form where ω(·, ·) = g(·, J·). We fix the Riemannian structure g(·, ·) = ·, · such that at every point on any symplectic manifold x ∈ M , the tangent space (T x M, ·, · x ) is an inner product space.
A submanifold Λ ⊂M is called Lagrangian if the symplectic form restricted to Λ vanish ω| Λ ≡ 0. The tangent bundle to the symplectic manifold T M splits into the tangent T Λ and the vertical V Λ bundles of the Lagrangian submanifold in the form T M = T Λ ⊕ V Λ, where V Λ := (T Λ)
⊥ is the complementary subbundle to T Λ. The complex structure J and the non degeneracy of ω on M , let us rewrite the vertical bundle as V x Λ = JT x Λ for every x ∈ Λ. We write this as
Let (M, ω) be a symplectic manifold. A diffeomorphism f : M → M is said symplectic or a symplectomorphism if f * ω = ω, where f * denotes the pullback of the 2-form defined by
In this expression T f : T M → T M is the tangent map of f : M → M . The set of all the symplectic diffeomorphisms on a symplectic manifold form a group denoted by Sp(M, ω) and called the symplectic group of (M, ω).
In order to construct symplectic maps we follow the classical construction. Define the product manifold of two copies of an exact symplectic manifold (M, ω) at times t = 0 and t = h, which we denote by (M 1 , ω 1 ) and (M 2 , ω 2 ), respectively. The manifoldM = M 1 ×M 2 with the canonical projections π i :M → M i for i = 1, 2 let us define the forms θ ⊖ and ω ⊖ onM by
We have the following facts (see [1, sec 5.2] for the proofs):
is a symplectic manifold of dimension 4n.
• For any symplectic map φ : M 1 → M 2 , the graph of φ, denoted by Λ φ , and defined by
is a Lagrangian submanifold ofM . It means ω ⊖ | Λ φ ≡ 0
• Since ω ⊖ = dθ ⊖ , then θ ⊖ is a locally closed form on Λ φ . Applying Poincare's lemma, θ ⊖ is locally exact in a neighborhood of Λ φ . Consequently, there exists a function S defined on the Lagrangian submanifold Λ φ such that its differential concides with the restriction of the 1-form θ ⊖ to Λ φ . It means that
The function S : Λ φ → R is called a generating function for the symplectic map φ;
Symplectic maps, generating functions, Liouvillian forms and Lagrangian submanifolds are closely related. For instance, in a generic symplectic manifold M , any Lagrangian submanifold Λ ⊂ M which is transverse to the fibers of the projection π M : T * M → M can be parameterized by a suitable (local) function S. In contrast, Liouvillian forms are globally defined and they do not need a particular parameterization, however topological properties of the underlying manifold like characteristic classes prevent the use of these forms in particular applications.
We rephrase some classical properties of Lagrangian and symplectic submanifolds in term of the symplectic product manifoldM .
Lemma 2.1 Let Λ ⊂M be a Lagrangian submanifold and Φ ∈ Sp(M , ω ⊖ ) a symplectomorphism. We have the following facts:
1. The image of the Lagrangian submanifold under Φ is again a Lagrangian submanifold ofM .
The projection
Proof. 1) LetΛ = Φ(Λ) be the image of Λ under the symplectomorphism Φ. For all y ∈Λ and ξ, η ∈ T yΛ there exist x ∈ Λ and u, v ∈ T x Λ such that y = Φ(x),
Proof. It is enough to show that Φ * ω ⊖ = ω ⊖ . By definition of the symplectic form and the fact that φ i , i = 1, 2 are symplectomorphisms we have
Applying the properties of the pull-back of the composition we obtain
which gives the result. This last result gives us the possibility to consider Lagrangian submanifolds which do not look like the graph of a diffeomorphism inM . It lets us work with Lagrangian submanifolds in mixed coordinates, or in other words with generic implicit symplectic mappings.
Special symplectic manifolds and Liouvillian forms
An important class of symplectic manifolds are the cotangent bundle to Riemannian manifolds. In particular, they model the phase space of many Hamiltonian mechanical systems, where the base coordinates correspond to positions or configurations, and vertical coordinates correspond to momenta. Let Q be a C ∞ manifold. Consider the cotangent and tangent bundles T * Q and T Q, and its canonical projections on the base manifold Q denoted by τ Q : T Q → Q and π Q : T * Q → Q respectively. The projection π Q determines a natural map between the cotangent bundle and the double cotangent bundle by its pullback π * Q : T * Q → T * (T * Q), which sends 1-forms on Q to 1-forms on T * Q by θ = π * η for every 1-form η defined on Q. Formally η is a section of the cotangent bundle that we denote by η ∈ Γ(T * Q), where Γ(T * Q) denotes the space of smooth sections on the cotangent bundle.
This inclusion is also interpreted as the identity map. The fact that the Liouville form is a section of the double cotangent bundle is not evident when we work with symplectic vector spaces and it has been the source of many misunderstandings in some areas like the numerical analysis.
When we shall have the occasion to deal with cotangent bundles of different manifolds, we will denote the Liouville form on T * N by θ N . The cotangent bundle T * Q inherits a natural symplectic structure ω = dθ Q such that the couple (T * Q, ω) becomes a symplectic manifold. Unfortunately, many geometrical properties of symplectic manifolds lost significance in mechanical systems due to a missing physical interpretation. Tulczyjew proposed in [14] the study of symplectic manifolds which are diffeomorphic to cotangent bundles by means of special symplectic manifolds (see also [13, 12] ).
A special symplectic manifold is a quintuple (M, Q, θ, π, ϕ) where π : M → Q is a fibre bundle, θ is a 1-form on M and ϕ :
x xQ The pair (M, dθ) is a symplectic manifold. We call the 1-form θ = ϕ * θ Q a Liouvillian form 2 on M . More generally we say that a 1-form η on an even dimensional symplectic manifold (M, ω) is Liouvillian or of Liouvillian type if dη is a symplectic form on M , or equivalently if (M, dη) is a symplectic manifold.
Let K ⊂ Q be a submanifold and S : K → R a function on K. The Lagrangian submanifold generated by S in the manifold (M, dθ) is defined by the equation v, θ = T π(v), dS where v ∈ T M and τ M (v) = m, in the following way
We suppose K ⊂ Q is an embedded submanifold and we write it as an inclusion i : K → Q. In this case i * (dS) ∈ Γ(T * K) and dS ∈ Γ(T * Q). If in addition, we suppose that i : K → Q is an immersion, π defines a submersion and the submanifold Λ is well defined. The following graph shows this situation
Any special symplectic manifold (M, Q, θ, π, ϕ) determines a natural splitting of the tangent bundle T M = T Λ ⊕ V Λ using the Liouvillian form θ = ϕ * θ Q and the projection π = π Q • ϕ. The projection keeps track of the deformation of the tangent (horizontal) bundle, and the Liouvillian form recovers the deformation of the vertical bundle.
The following result relates the symplectic manifolds of interest in this work:
, where θ Q1×Q2 is the Liouville form on
Proposition 1 Define coordinates (q, p, Q, P ) ∈M in the product manifold such that (q, p) ∈ M 1 and (Q, P ) ∈ M 2 . Let E 1 :M → T * (Q 1 × Q 2 ) be the linear map given by
Then E 1 is a symplectomorphism.
where (x, X) ∈ Q 1 × Q 2 . We have (x, X, y, Y ) = (q, −Q, p, P ) and the Liouville form in these coordinates becomes θ Q1×Q2 = ydx + Y dX. Taking the differential we have E * 1 (dy ∧ dx + dY ∧ dX) = dp ∧ dq − dP ∧ dQ = ω ⊖ as we want to show. E 1 is known as the canonical symplectomorphism between the product manifold (M , ω ⊖ ) and the contangent bundle (T * (Q 1 × Q 2 ), dθ Q1×Q2 ).
Corollary 1 Let Φ ∈ Sp(M , ω ⊖ ) be a symplectomorphism onM and consider E 1 as below. Then the diffeomorphism Ψ :M → T * (Q 1 × Q 2 ) given by
is symplectic.
Proof. Direct from the fact that Ψ :
The quintuple (M , Q 1 × Q 2 , θ, π, Ψ), where Ψ is defined in (6) becomes a special symplectic manifold on Q 1 × Q 2 .
We recall that any Lagrangian submanifold Λ ∈ T * (Q 1 × Q 2 ) defines a Lagrangian submanifold inM by the symplectomorphism Ψ −1 (Λ).
Examples of special symplectic manifolds
We consider some simple symplectomorphisms between the product of two symplectic manifolds and the cotanget to the product of two configuration spacesM → T * (Q 2 × Q 1 ). These symplectomorphisms define four special symplectic manifolds and we will be interested in their Liouvillian forms. Using symplectic coordinates on the manifolds (
. The Liouville form on T * (Q 2 × Q 1 ) corresponding to θ Q1×Q2 is pulled back to the Liouvillian form θ = (E * 1 )θ Q1×Q2 and it corresponds to the form θ ⊖ onM . For instance, the Liouvillian form and the projection are
This diffeomorphism gives the Liouvillian form and projection given by
This diffeomorphism gives the following Liouvillian form and projection θ = −q i dp i − P i dQ i and
This diffeomorphism gives the following Liouvillian form and projection θ = −q i dp i + Q i dP i , and
Since the Liouvillian form onM corresponds to a class of symplectomorphisms modulo symplectic rotations we need both elements, the Liouvillian form and the projection for fixing the symplectomorphism between these manifolds.
The symplectomorphims E 1 , Ψ ıı , Ψ ııı , Ψ ıv will be revisited in the next section where we related them to generating functions.
Symplectic maps from Liouvillian forms
The usual way to construct symplectic maps on the product manifold (M , ω ⊖ ) is using generating functions S : Λ → R defined on some Lagrangian submanifold Λ ⊂M ; it is an inverse problem. This inverse problem is solved using Hamilton-Jacobi theory for estimating the characteristic bundle which contains, as a subbundle, the vertical bundle to the Lagrangian submanifold. We deal with this problem in a more direct way using Liouvillian forms which define Lagrangian submanifolds as their integral submanifolds. The transformation between the vertical and the tangent bundles is given by the complex structure associated to the symplectic form. In this way we avoid the solution of both the Hamilton-Jacobi equation and the generating function. However, in both procedures, we must select what type of symplectic maps we are looking for. In our case, we are interested on symplectic maps adapted for constructing numerical schemes which differ from those used for studying periodic orbits in an essential way. The task in this section is to characterize Lagrangian submanifolds adapted for constructing numerical schemes.
Remark 2 Symplectic maps for numerical schemes and those used for studying periodic orbits solve variational problems with different boundary conditions. The former consider the minimization of the action integral along paths joinning two different fixed points; the latter consider closed paths with prescribed period T > 0. This implies that Poincaré's differential form 3 introduced in [10] for studying bifurcations of periodic orbits is not well suited for constructing numerical schemes. A detailed study of this fact is given in [4] .
To obtain a symplectic map for constructing numerical schemes we need to recover a symplectic vector space from the information encoded in the tangent 3 It is the differential of the so called Poincaré's generating function space to the Lagrangian submanifold Λ ⊂M . In fact, we state a stronger condition. Let (M , Q 1 × Q 2 , θ, π, Ψ) be the special symplectic manifold defined in the last section and consider the image N = π(M ) of the projection π = π Q1×Q2 • Ψ as a submanifold by the adapted inclusion i : N ֒→M . If we can give a symplectic structure ω N on N such that ω ⊖ = (π * )ω N , and ω N = (i * )ω ⊖ then the integral submanifolds of the Liouvillian form θ on (M , ω ⊖ ) are adapted for the construction of symplectic integrators.
If the symplectic submanifold N ⊂M belongs to a symplectic path joining
We summarize these requirements in the following:
Condition 1 Consider the tangent space to the projected manifold at a point
Denote by x ∈ ∆ ⊂M a point on the diagonal of the product manifold. If 1. the restriction of ω ⊖ to the submanifold N = π(M ) is a symplectic form on N , and,
T π T xM x=x
= id, is the identity, the Liouvillian form θ of the special symplectic manifold (M , Q 1 × Q 2 , θ, π, Ψ) defines a Lagrangian submanifold adapted for the construction of a symplectic scheme.
Instead of recovering the symplectomorphism Ψ which defines the special symplectic manifold, we use the fact that Lagrangian submanifolds are the integral submanifolds to Liouvillian forms. Let θ 1 be a Liouvillian form on the 2n-dimensional symplectic manifold (M, ω). For every symplectomorphism φ : M → M , the form θ 2 given by the pullback θ 1 = φ * θ 2 is again Liouvillian on (M, ω). They are different Liouvillian forms producing the same symplectic structure ω = dθ 1 = dθ 2 on M . On the product manifold (M , ω ⊖ ), the form θ = π * 1 θ 1 − π * 2 θ 2 is Liouvillian onM since dθ = ω ⊖ . Using point 2) in Lemma 2.1 and Condition 1, we will induce the Liouvillian form on the product manifold (M , ω ⊖ ) by Liouvillian forms θ 1 and θ 2 on the original symplectic manifold (M, ω) defining complementary Lagrangian submanifolds. For this, we consider the complex structure J associated to ω. There exists a (tautological) symplectomorphism J : M → M such that its tangent map is exactly the complex structure T J = J : T M → T M . This symplectomorphism is attached to every ω. 
on the product manifold (M , ω ⊖ ) satisfies Condition 1.
We need additional elements for proving this theorem which follows from Lemma 5.2 below. For the moment, we will relate the Liouvillian forms of the examples given in section 3.1 with the classical generating functions.
Lemma 4.2
The Liouvillian form of the symplectomorphisms E 1 , Ψ ıı , Ψ ııı , Ψ ıv given in section 3.1 are associated to the generating functions of type I, II, III and IV, respectively.
Proof. We perform the same computations for every symplectomorphism using the Liouvillian form θ on the product manifold (M , ω ⊖ ) and the projection π = π (Q1×Q2) • Ψ for the corresponding Ψ.
1. E 1 produces the Liouvillian form θ = p i dq i −P i dQ i , which is locally equivalent to the differential of a function S :M → R with S = S(q i , Q i ) which is a generating function of type I. It Defines a Lagrangian submanifold iñ
It does not produces a map adapted for construct symplectic integrators since the projection π(q i , p i , Q i , P i ) = (q i , −Q i ) does not give symplectic coordinates.
2. Ψ ıı gives the Liouvillian form θ = p i dq i +Q i dP i , which is locally equivalent to the differential of a function S = S(q i , P i ), which is of type II. It defines a Lagrangian submanifold inM by
This Liouvillian form is adapted for constructing a symplectic integrator since the projection π(q i , p i , Q i , P i ) = (q i , P i ) gives symplectic coordinates in the diagonal.
3. Ψ ııı produces the Liouvillian form θ = −q i dp i − P i dQ i which is locally equivalent to the differential of a function S = S(Q i , p i ), which is of type III. It defines a Lagrangian submanifold inM by
This Liouvillian form is adapted for constructing a symplectic integrator since the projection π(q i , p i , Q i , P i ) = (Q i , p i ) gives symplectic coordinates in the diagonal.
4. Ψ ıv gives the Liouvillian form θ = −q i dp i + Q i dP i which is locally equivalent to the differential of a function S = S(p i , P i ), which is of type IV. It defines a Lagrangian submanifold inM by
This Liouvillian form is not adapted for constructing a symplectic integrator since the projection π(q i , p i , Q i , P i ) = (−p i , P i ) does not give symplectic coordinates.
Structure of Liouvillian forms
Generating functions for constructing symplectic maps are those of type II and III, which is not the case for generating functions of type I and IV. This happens in the same way for Liouvillian forms. In this section we study the structure of Liouvillian forms for characterizing those adapted for constructing implicit symplectic integrators. We recall some facts about the Liouvillian forms on a generic exact symplectic manifold (M, ω).
Liouvillian forms on an exact symplectic manifold
Consider an exact symplectic manifold (M, dθ), where θ is a generic Liouvillian form. For every function F : M → R on M the differential form θ + dF is again a Liouvillian form since d(θ + dF ) = ω. It means, the set of Liouvillian forms is invariant under the addition of exact 1-forms. This comes from the fact that d 2 (F ) corresponds to a symmetric tensor S = Hess(F ). This generic fact implies that the space of Liouvillian forms is infinite-dimensional.
For studying the structure of Liouvillian forms, we want to understand the structure of the symplectic form in a generic basis. Given local coordinates
, and a basis of
. These are dual bases
In the basis {dz i } 2n 1 , the symplectic form ω is given by
The matrix J = [J ij ] satisfies J 2 = −I 2n , and it is the representation of the complex structure associated to ω in the basis
and writing
we have the decomposition in symmetric and antisymmetric components by
The condition for θ to be a Liouvillian form is A a (z) ≡ 1 2 J, and denoting A s (z) = S(z) to remark it is a symmetric matrix, we have A(z) = S(z) + Every exact symplectic manifold (M, ω) possesses a natural Liouvillian form θ 0 given by the complex structure associated to the symplectic form ω. The Liouvillian form θ 0 has no symmetric component and we call it the elementary or basic Liovillian form.
Corollary 2 The elementary Liouvillian form in Darboux's coordinates
Consider the tautological symplectomorphism J as in Theorem 4.1.
Lemma 5.2
The elementary Liouvillian form θ 0 is invariant under the action of the complex structure, i.e. θ 0 = J * θ 0 .
Proof. Given local coordinates z ∈ (M, ω) the elementary Liouvillian form is given by θ 0 = 1 2 dzJz. Consequently
This lemma gives a Liouvillian form on an exact symplectic manifold, proving Theorem 4.1. The Liouvillian form θ = π * 1 θ 0 − π * 2 θ 0 induces a natural symplectomorphism which will be associated to the mid-point rule. We will show this fact in the last section where we will construct numerical integrators from the symplectic maps coming from Liouvillian forms.
For studying the way a Liouvillian form induces a symplectic integrator we restrict our study to the set of Liouvillian forms with linear coefficients. It becomes a linear space over R with finite dimension. In the rest of this paper we replace the matrix A(z) for a linear form Az = (S + Proof. Applying Lemma 5.1, we deduce that the dimension of the space of Liouvillian forms is exactly the dimension of the space Sym(2n) of symmetric 2n × 2n matrices S = S T , given by dim Sym(2n) = 1 2 (2n)(2n + 1) = n(2n + 1).
Remark 3
The space of Liouvillian forms with linear coefficients on a symplectic manifold (M, ω) is isomorphic to sp(M, ω) as an affine space.
Liouvillian forms on the product manifold
We are interested on the space of Liouvillian forms with linear components on the product manifold (M , ω ⊖ ) given by
where θ i , i = 1, 2 are represented in local coordinates by θ i = dz( , whereÃ ∈ M 4n×4n (R) is a symmetric matrix with the form
Proof. Consider a point on the product manifold (z, Z) T ∈ (M , ω ⊖ ) written in local coordinates of the factors z ∈ M 1 and Z ∈ M 2 . Using Lemma 5.1, θ has a representation
whereS is a symmetric matrix of size 4n × 4n. The key property is the decomposition of the tangent bundle TM = T M 1 ⊕ T M 2 , since the representation of Liouvillian forms of type (12) is given by a matrix with two blocks
proving the lemma. The (affine) space of Liouvillian forms with linear coefficients on (M , ω ⊖ ) has dimension dim Sym(4n) = 2n(4n + 1) and the dimension of the subset of forms given by (12) is 2 dim Sym(2n) = 2n(2n+1). However, just a subset of this space is adapted for the construction of numerical schemes. We will be interested in the particular case S = S 1 = −S 2 whose projection satisfies Condition 1. We will return to this argument when we study Hamiltonian systems in Section 8.
6 The implicit map from the projection of the Lagrangian submanifold
The linearization of θ give us the local expresion of the vertical bundle 5 V Λ ⊂ TM to the Lagrangian submanifold Λ and we want to recover the tangent bundle T Λ ⊂ TM. Since the tangent bundle TM accepts a decomposition by TM = V Λ ⊕ T Λ and the tangent bundle is mapped into the vertical bundle by V z Λ =JT z Λ for every z ∈ Λ, then we recover locally the tangent spaces using the complex structure T z Λ =J T (V z Λ). We project this subbundle with the tangent projection
Lemma 6.1 Let (M , Q 1 ×Q 2 , θ, π, Ψ) be a special symplectic manifold and Λ ⊂ M be an integral submanifold for θ = π *
Proof. Applying point 2) from Lemma 2.1, the projection of the Lagrangian submanifold Λ ∈M , by π i (Λ) = Λ i ⊂ M i is a Lagrangian submanifold in M i , i = 1, 2. In local coordinates, the expressions
are the equations of the tangent space to the integral submanifold Λ i ⊂ M i defined by the Liouvillian form θ i = dz( 1 2 J + S i )z. They define the same tangent space since Λ is an integral submanifold for θ = π * θ 1 − π * 2 θ 2 and Λ i are integral submanifolds for θ i .
We define the linear space given by the sum V = T π1(x) Λ 1 + T π2(x) Λ 2 as vector subspaces of TM . Using Lemma 6.1 we can write V = L 1 + L 2 . We want that V satisfies Condition 1, however, point 2) in Condition 1 is enough for a symplectic map as we will see below.
Lemma 6.2 Define the implicit map induced by the sum of the linear spaces V = L 1 + L 2 from Lemma 6.1, given by
Then, ρ(z, z) = z, if and only if S 1 = S 2 .
Proof. Evaluating in (z, z) ∈ ∆ ⊂M we have ρ(z, z) = z + J(S 2 − S 1 )z which produces the identity on the diagonal, if and only if J(S 2 − S 1 )z = 0.
The implicit map induced by the projection of the lagrangian submanifold Λ adapted for the construction of symplectic maps is given in local coordinates of the product manifold (z, Z) ∈M by
where b ∈ M 2n×2n (R) is a Hamiltonian matrix b T J + Jb = 0.
The method of Liouvillian forms
The construction of implicit symplectic maps using the method of Liouvillian forms is obtained by restructuring the construction of the last section avoiding the explicit use of the special symplectic manifold. We recover all the information from two different (but related) Liouvillian forms and the complex structure. 1) For any exact symplectic manifold (M, ω) consider two copies (M i , ω i ), i = 1, 2 for the construction of the product manifold (M , ω ⊖ ) and select a Liouvillian form θ onM .
We define the Liouvillian form satisfying Condition 1 in the following way: fix a Liouvillian form θ 1 with linear coefficients on (M 1 , ω 1 ) and express it in local coordinates by θ 1 = dz(
is Liouvillian on the product manifold. The expression of the vertical bundle in local coordinates is
2) The Pffafian equation θ = 0 defines implicitly and locally the Lagrangian submanifold Λ. We use the complex structureJ associated to the symplectic form ω ⊖ of the product manifold to obtain the equations of the tangent spaces by T Λ =J T V Λ. In local coordinates we have
3) Project this Lagrangian subspace on the tangent bundle of the original symplectic manifold T M with T π 1 (T Λ) + T π 2 (T Λ) as linear subspaces. We will have the induced implicit map ρ(z, Z) = 
4) Verify if
T M = T π 1 (T Λ) ⊕ T π 2 (T Λ) = T Λ 1 ⊕ T Λ 2 , which holds when the projected Lagrangian submanifolds are complementary. Since z and Z are two different close points, we only check if the implicit map restricted to the diagonal is the identity ρ| ∆ = I 2n . The map (19) satisfies this condition by construction.
Theorem 7.1 Let (M, ω) be an exact symplectic manifold of dimension 2n and U ⊂ M a start-shaped open subset containing the points z, Z ∈ U . Define an implicit map ρ : U × U → U by expression (19). The implicit map (z, Z) → Z = ρ(z, Z) is symplectic.
Proof. We prove this result using implicit differentiation. Consider the implicit mapping Ψ given by Ψ(z, Z) = Z − ρ(z, Z) = 0.
Implicit differentiation of (20) 
Remark 4
The converse is in general not true since we are characterizing only symplectic maps solving a variational problem with particular boundary conditions.
We can consider the pointz = ρ(z, Z) as an intermediate point on the path joining z to Z minimizing some variational problem. To develop this idea, we introduce some additional terminology. An implicit map φ : U × U → U is called consistent if there exist two explicit maps ψ 1 , ψ 2 : U → U and a point z ∈ U , such thatz = ψ 1 (z) andz = ψ 2 (Z).
We say thatz is the point of consistency and ψ = ψ −1 2 • ψ 1 : U → U its consistency map. It is an explicit well defined map. We say that φ interleaves a symplectic map if its consistency map is symplectic.
We need a result from the Weyl's extension of Cayley's transformation. The interested readers are referred to [15] for the proof. and G is any matrix, then S T GS = G if and only if H T G + GH = 0.
For the symplectic case, we fix the arbitrary matrix G = J to the complex structure on T M . Now we can relate the induced implicit map ρ with Cayley's transformation in the following Proof. UseJ 2 = −I 4n in the development of the exponential. Define the symplectic rotation R φ ∈ Sp(M , ω ⊖ ) by R φ = exp(φJ ) and define the curve of diffeomorphisms Ψ φ = E 1 • R φ , φ ∈ [0, π/2].
